1 Square Well in Three Dimensions

1)

The potential is spherically symmetric which makes the Hamiltonian rotation-
ally invariant. Therefore it commutes with all components L; of the angular
momentum and any analytic function of these. Since L;’s do not commute with
each other we will chose the z-component L, and total angular momentum I2.
The corresponding quantum numbers are mh and [(I + 1)A? with [ being a non
negative integer and m = —I, —{+1...1—1,1 taking 2]+ 1 different values. The
angular part of the wave function is a spherical harmonic Y}, (¢,6). Also the
potential commutes with the parity operator, but the spherical harmonics are
already eigenstates of that.

2)

Assuming that the wave function on which it operates is of the form (r, ¢, 6)
one can in principle express r, ¢ and 6 in terms of z,y and z and express the
V2 appearing in the Hamiltonian with derivatives of the spherical coordinates.
There are many ways to make the algebra more efficient but the net result is:
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One can similarly show that the total angular momentum operator can be
expressed in spherical coordinates as:
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__ which depends only on ¢ and f and is proportional to the angular part of
V2. Putting it all together the Hamiltonian in spherical coordinates reads:
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Considering the Schroedinger equation for a wave function of the form ¢ (r, ¢, 0) =
R(r)F(¢,0) and dividing by % will give:
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This is separation of variables. The right side only depends on the angles
and the left side on the radial component and both of them must be a constant.
If the angular part of the wave function F'(¢, #) is chosen to diagonalize L? then

this constant is %l (I + 1) and the radial part satisfies the equation:
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The angular part is chosen to be a spherical Harmonic. The radial equation
can be transformed in a Schroedinger like form if we use:

x(r) = rR(r)
so that x(r) satisfies:
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3)

To solve the radial Schroedinger equation for F < 0 we define
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In a bound state the particle must exist somewhere around the center of the
potential and it cannot escape to infinity. This means that f dz® WJ|2 must be
finite. Expressing this in spherical coordinates and remembering that the inte-
gral over the angles is finite because the interval is finite, we get the constraint

that: - -
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is finite and therefore x(r) — 0 as 7 — oco. In this case both the potential
and the angular momentum term vanish and therefore
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At r = a the wave-function and its derivative must both be continuous. Also
at the origin R(r) remains finite which makes x(r) zero. More specifically only
the angular momentum term contributes and

x(r) —r'*

For r < a the radial part will have an oscillatory behavior with wavelength
k and for r > a it will decay with length 1/k. To be more explicit we consider
the two cases:

1. r < a the radial equation reads:
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which is the free particle equation with solution x(r) = krj;(kr) (check
lecture notes), where j;(z) is the spherical Bessel function. The other
solution, the spherical Neumann function n;(r), diverges are the origin so
it is ignored.



2. r > a the radial equation reads:

—g—rzx(r) + [RQ + 71(1:; 1)} x(r)=0

The general solution of this equation is
x(r) = krhy(ikr)

with hy(ikr) = ji(ikr) + in(ikr) being the Hankel function which be-
haves as r~te™*" at infinity. Any other linear combination will diverge at
infinity.

Finally for the radial part of the wave-function:

Aji(kr) r<a
R(r) = { Blz;(imﬂ) r>a

Continuity of the wave-function and its derivative implies that the logarith-
mic derivative at r = a is continues which gives the quantization condition:
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The constants A and B are connected via the continuity condition:
Aji(ka) = Bhy(ika)
Finally the wave function can be parametrized as follows:
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where C' is some normalization constant.

4)

The s and p levels have total angular momentum [ = 0 and [ = 1 respectively.
We will the corresponding spherical Bessel and Neumann function:
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In the case | = 0 the quantization condition becomes:
Ka
cotka = ——
ka
To proceed we note that:
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If we define y = ka and x = ka then they lie on a circle with radium
2
p? = 27;52‘1 |Up|. We can then parametrize them as y = pcosq and & = psing

where 0 < ¢ < 7 so that they are both positive. The quantization condition

will then become:

cot (psing) = —cotqg=

psing = nwm—q

where n is an integer. Remember here that ¢ takes only values in the interval
[0,7/2] in which sin ¢ rises from 0 to 1 and the left side drops linearly from nn
to nm — /2. Since sin g is positive, only n > 0 can give a solution. If p < 7/2
we can have no solution. At p = 7/2 we get the first solution at ¢ = 7/2 which
corresponds to k = 0 and ka = p, that is zero energy. As p increases this
solution shifts to lower energies until p = 37/2 in which case we get a second
solution. A new solution is added every time p = nw — 7/2 for n > 0. In other
words the number of solutions is the floor function of

ns = round (a”2mUo|>

7h

The argument has to be at least 1/2 to have at least one solution.
Now lets consider the [ = 1 case. The quantization condition becomes:
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The right side is positive and decreasing with . The left side is decreasing but
at ka = nm it jumps from minus to plus infinity. For n = 0 however it is a
constant —1/3. Both k and x run from 0 to p and they are correlated. As a
function of k the right side goes from the value p=2 +p~! when k = 0 to infinity
at k = p. Clearly if p < 7 there is no solution. At p = 7T the first p state enters



the system. Generally at p = nm a new state enters. The number of p states is

then given by:
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The degeneracy of all these states is equal to 2l + 1 that is it comes from the
rotational symmetry. Remember that in the Hydrogen atom it is n? because of
an “accidental” degeneracy. This is particular to the Hydrogen atom and cannot
be generalized.

To generalize for all momenta we note that in order to obtain the critical
values of Uy for which a new state enters the system it suffices to set £ = 0
in the quantization condition. Now lets consider the logarithmic derivative for
r > a and kK — 0. Close to zero the neuman part of the hankel function which
behaves like 27/~! dominates and the logarithmic derivative is just —(I +1)/r.
If we take that to the other side we find that the critical values of the potential

are defined by:

% (2" i(2)) =0

where © = ka. For example for [ = 0 this will give us cosz = 0 and for [ =1
it gives zsinxz = 0 which for x > 0 gives us sinx.

5)

The states 1s and 2s correspond to the two first states with [ = 0. These states
are not degenerate and for them to exist
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The spherical harmonic Y = \/% is just a constant. The only difference
between the two states is the value of the energy which determines x and k.

The wave function is given by:
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where is the last expressions both k£ and & still depend on n.
The state 2p is the first p states and can only exist if
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which means that it has lower energy than 2s. There are actually three such
states with the same energy differing by the quantum number m. The spherical



harmonic is:

f%,/%eid’sinﬂ m=1
Vil0.0) =5 3y/fcos6 m=0
%,/%e’wsinﬁ m=—1

And the wave function is given by:
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In the notation NL where L = s,p,d, f ... is the total angular momentum and
the first index IV is a label denoting the total number of nodes in the wave
function (plus one). Therefore for the p states which already have one angular
node always start with N = 2. Similarly the d states that have at least 2 angular
nodes start with N = 3. The general state starts with N = [+ 1 so that the
number of radial nodes is N — L.

6)

It is rewarding to express the wave function using the absolute value and the
argument: _
P = ue'?

where v and z are both real functions. With a bit of algebra one gets:
1 * v = % 2 &
5 (¥ V0 = u¥er) = o V2

The first term can be identified as the density and the second is the phase
gradient which is what gives rise to the current. Notice that if the wave function
is real (or has constant phase) the current must be zero. This is the case for
m = 0. Therefore both s states and one of the p states will have zero current.
In the two m = +1 states belonging to the 2p triplet, z = m¢ and

m
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?sin

Therefore if there is any current this will be an azimuthal one:
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The integrand is positive and the current is non zero and proportional to
L,. This result can be generalized: all m # 0 states have a non zero azimuthal
current proportional to L.



2 A diatomic molecule in 3D

1)

The Hamiltonian of the problem is:
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‘We will consider the canonical transformation:

o= r—r3
= m1F1 + m2F2
R = —_—
M
po_ n_n
H my ma
P = pi+p2
where M = my + my is the total and u=' = m;*' + my' the reduced

mass. This transformation just expressed the coordinates with respect to the
center of mass, but in the Hamiltonian language this is expressed as a canonical
transformation. One can easily verify that this is a canonical transformation
with the pairs of independent variables being 7, p’ and ﬁ, P. The capitalized
quantities correspond to the center of mass and the small quantities are the
relative ones. Inverting this transformation and replacing it in the Hamiltonian
will give after some algebra:
P21 L,
H = By + Z + Chiadd
We see that that P is a constant of motion. The total wave function can be
expressed as: o
U(R,7) = e ()
something that one can show with the separation of the center of mass and
relative variables and then diagonalizing trivially the center of mass part. The
total energy is:

2M
where the second term comes from the relative part of the hamiltonian.
2
The relative Hamiltonian H,.; = 57 + %kf'z is rotationally invariant and thus

commutes with all L; and therefore L2, This means that the angular part can
be chosen to be a spherical harmonic.
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2)

This algebra has been performed for part 2 of problem 1. The resulting radial
equation:
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The easiest path to make this dimensionless is to set:
h=m=w=1

To restore the original units one has to remember that Aw has the units of

energy and \/% has units of distance. Using the natural system of units is
equivalent to defining:

E
E = —
hw
, mw
r = —r

h
and then ignore the primes. After the rescaling we get:
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(r) + [r2 tos - 2E} x(r) =0
3)

At the limit » — 0 only the angular momentum part contributes to the potential
and the equation becomes:

T+ =0

The general solution is of the form 7**! where s satisfies:
s(s+1)=1(1+1)

from the two solutions s = [ and s = —1 — [ the latter diverges at the origin.
Therefore x(r) — r+1.
On the other hand at r — oo the radial equation becomes:

2

—5,aX(r) +1x(r) = 0

Lets insert e=*""/2 and see if the dominant terms cancel. The dominant term of

the second derivative is obtained by applying the derivative on the exponential



both times (to makes sure that you do not reduce the order by applying it on
some r) and it is therefore
82

ﬁx(r) o AZp2e N

For the two terms to cancel one needs A = 1 and therefore x(r) — e~ /2 as
r — 00.

1)

It is tedious but straightforward to evaluate the second derivative. The resulting
equation is:
2w (z) + (7 — 2)w'(2) — aw(z) =0

which is the confluent hyper-geometric series with parameters:
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5)

The solution that does not diverge at the origin is the confluent hyper-geometric
function F'(a,~,z). Unless the series terminates this will become w(z) — e*
which results in a wave function that diverges at infinity like r'*! (the exponen-
tials cancel). This is in contradiction to the boundary condition we derived in
part 3. The series has to terminate which means that F'(a,~y, z) is just a poly-
nomial of some degree n. For this to happen the n + 1 coefficient must be zero.
The termination condition is controlled only by the numerator and therefore:

a+n=20

For example for n = 0 it suffices that a = 0 for n =1 a+ 1 = 0 as one can
see from the series expansion of F'(a,<, z). From this we obtain the energy:

E:ﬁw(g+2n—|—l)

where the energy unit has been restored. In this expression the degree n of
the polynomial can be any non negative integer and same applies to the total
angular momentum quantum number.

For a particular n and [ there is a degeneracy because of L, which is equal to
20 + 1. There can be additional degeneracy involving different [ and n because
the energy depends on the combination 2n + [.

The ground state is obtained for n = [ = 0 with energy E = 37w /2. This is
not degenerate and w(z) = 1 and the corresponding spherical harmonic is also
a constant. The wave function is then:

’lﬁooo(?") = A€7T2/2



The first excited energy level is for n = 0 and [ = 1. It is a triplet with
m = 0,+1 with energy F = 5hw/2. Again w(z) = 1 and the angular part is a
spherical harmonic Y,! (¢, 0). The wave function is:

¢01m(7’, ¢7 0) = AT€7T2/2Y7111 (¢a 0)

The second excited energy level has 2n+1 = 2. and energy E = 7hw/2. This
means that either [ =2 and n =0 or [ = 0 and n = 1. The total degeneracy is
6. The corresponding wave function are:

Yoam(r, ¢,0) = Arze_rz/QYé(¢7 0)
2
t100(r, ¢,0) A (1 _ 3r2> o/
The third excited energy level has 2n+1 = 3 energy E = 9iw/2 and therefore

n=0and! =3 orn=1and! = 1. The total degeneracy is 10, the energy is
and the corresponding wave functions are:

Yosm(r,6,0) = Arte /23 (9,0)
V11m(r, 6,0) = A<1—§r2> re_T2/2Yn?;(¢,9)

6)

In Cartesian coordinates the problem is separated in three independent 1D
harmonic oscillators, one for each direction. Each quantum state is characterized
by three quantum numbers (n;,n,,n.) and the total energy is given by

3
Ezhw(é—l—nm—l—ny—i—nz)

The quantum numbers can take any non negative integer value and for each
oscillator all states are non degenerate. The wave function is

() = b, (€)Pn, () bn. (2)

where ¢, (z;) = Ane_’”?/QHn(xi) is the 1D harmonic oscillator wave function.
The first 4 Hermite polynomials are:

Ho(ﬂj) = 1

Hl(a?) = 2z

Hy(z) = 4a® -2

Hs(zx) = —12z (1 - §x2>

The first energy levels are
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1. (0,0,0) non degenerate with energy E = 3hw/2 and wave function e~""/2

2. (1,0,0) (and all permutations) with degeneracy 3, energy E = 5fiw/2 and
wave function xie_T2/2

3. (1,1,0) and (2,0,0) (and all permutations with degeneracy 3+3=6, energy
E = Thw/2

4. (1,1,1), (2,1,0) and (3,0,0) with degeneracy 1+6+3=10, energy E =
9hw/2

Although it is a bit tedious to demonstrate the rule is that the states in spher-
ical coordinates can always be written as linear combinations of the states in
Cartesian coordinates belonging to the same degeneracy space. For example one
can see that the ground states where there is no degeneracy match completely.
For the first excited state we use the fact that:

ShyfEEn men
V=] hEE meo
L2 m=—
which implies that each spherical harmonic is written as a linear combination

of x;/r so that ¥o1m(r, ¢,0) = 1417“e’r2/2)/',,11(gzﬁ7 f) is just a linear combination of
the eigen-states expressed in Cartesian coordinates.

3 Scattering from a Short Range Potential
1)

One way is to follow the Greens method as described explicitly in the lecture
notes.

2)

Since the potential is short range then the integrand is appreciable in a small
region around the origin and therefore we can assume that 7 is small. For 7
much larger than the range of the potential we can write:

>

7T .
|7 — 7 zr(l— )-r—r-f’

r

so that
ik|F—7 ikr
€ | | € —iki

[
Note that we Taylor expanded the exponent but not the denominator. The
reason for this is that we typically assume that the incoming wavelength is of the
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same order of magnitude as the range of the potential which means that small
variations of 7 can induce important phase changes even though the distance
|7 — 7| does not change much. In other words we treat k7" as zero order. (Note:
you should always justify your approximations).

Under this approximation the eigenstates can be written:

e M oetr
_ kT
v(r) =e 2nh? r

/dsr —ikP-7 U( )w (7—,'/)

which has the advertised form.

3)

We remember that the current is proportional to the phase gradient and we
evaluate it for the incoming and the outgoing wave. For the incoming wave it
is equal to:

For the outgoing wave only the radial current is of interest. Since the phase
is kr this is equal to:

hk 1 1 )
Jo= S FOF =I5 [f@O)

The number of particles per unit of time that go through a base of a solid
angle df) at some distance r is Jdo = r2.J,.dQ2. The last formula means that do
is an area such that when multiplied with the flux it will give the number of
particles that were scattered within a solid angle. This is the exact definition of
the cross section.

4)

If the potential is rotationally invariant there are only two directions in the
problem 7 and k and their relative orientation is the only source of angular
dependence for any quantity in the system. This is equivalent to saying that
with no loss of generality that k is along the Z axis so that k-7 = krcosf and
also that 7 is on the zz plane (¢ = 0) so that ¢ does not appear explicitly in
the equation any more. This means that ¢(7) for which we need to solve this
equation must also be ¢ independent. Since the incoming wave only depends
on 6 also f(7#) = f(#). In this case the amplitude can be expanded with respect
to Legend re polynomials (or spherical Harmonics for m = 0).

In this symmetry the most general solution to the Schroedinger equation can
be written as:

Sih; (k?”) + hf(kr)
2

Zzl (20 + 1) Py(cos 0)
1=0
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which is a sum of the partial waves with the Radial part R;(r) written as a
linear combination of two Hankel functions. In the particular case that S; =1
the above sum is equal to a plane wave which is the Uy = 0 case.

If we assume elastic collisions then the potential cannot be a source or sink
of particles. This means that the radial current from all partial waves must be
zero:

R} (r)0,Ri(r) = Ry(r)0-R} (1)
This is equivalent
SR} (r)d,Ru(r) = 0= |Si[* hi by + huhy’
and from this we deduce that S; is just a phase:
Sl _ eQiél

The phase of S; measures the difference in the phase of the plane waves with

and without potential. Now lets write the eigen function as follows:
2i0; __ 1

Y(r,0) = ehreost 4 ;Zl (20 + 1) Py(cos Q)eTihl(kr)

where we reconstructed the plane wave.
For large r the hankel function take the asymptotic form:
ei:v
hl(x) s z(:p +135) — 7757[
T 1T

Using this asymptotic form one gets:

ikr ©©
U(r,0) = ethreos? 4 ek— 2(21 + 1) P;(cos 8)e™ sin §;
r
1=0

from which we get the scattering amplitude:

1

=1 Z (20 + 1)P;(cosh)e Wi gin g,
1=0

5)
To simplify notation a bit we will temporarily define:
g = €% sin 0
The total cross section is given by integrating the result of part 2:
1

/dQ|f (A =13 ;; (2041)(20'41) glgl,27r/0 df sin O Py (cos 0) Py (cos 6)
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were we use that the Legendre polynomials are real functions.

™ 1
/ df sin O P(cos 0) Py (cosl) = / dxP)(z) Py (x)
0 1

2
= 76 7
A+1 4
Substituting gives:

41 S &S 1
= — 2+ 12U +1 r——0
a 2 ;VZ:%( + 1)@+ g 1

A &

= = (20 + 1) sin® &
=0

It is interesting to note that because P;(1) = 1 the total cross section is:
4m

and so it satisfies the optical theorem. Actually, the conservation of prob-
ability, from which the optical theorem stems, has already been used in the
derivation of the scattering amplitude (part 4). One could also start from the
optical theorem and derive the expansion of f(6) in legendre polynomials.

6)

The spherical Bessel functions satisfy:

() =\ 3 a2

1. Attractive potential well.

2ME U o
& = 7}12' o / drr?j2 (kr)
0
2M |Uo| hro 2 T 12
= n2k2 J, dzz g‘]l+1/2(z)
mM |Uo| 5
= oz Jivaa(kTo)
|U0| kTO .
= 2, Jl2+1(k7’0)
2. Yukawa potential
oMEUy [ .
0 = - o /0 drre™""§2 (kr)
2M Uy

h2kk

MUO l€2
- _hp (i

2kr l( +2k2>
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7)

Born approximation:

M 3o o,
) =~ [ 4 77U

This is essentially the Fourier transform of the Yukawa potential U (E —K )

Lets consider just the integral:
~ — 3 g
U (k) = /d FeF T U
We can use spherical coordinates such that k is along the z direction. We
note that there is no ¢ dependence in the integrand. Also since the potential

does not have any characteristic direction the integral should only depend the
the magnitude of k. Therefore:

U(q) = 27 / d’I”’I”QU(T) / df sin aeiqr cos @
0 0

dn /°° dr? Upe™"" singr
0

Kr qr
47U © 47U 1
- 7 0/ dre”""ginqr = o 072 5
Kq Jo K K*+q
Since ‘IZ’ = k| = k we have

a2 0\ 2
¢ = (kf k’) = 2k? — 2k? cos b = <2ksin 2>

From this we can determine the scattering amplitude:
R 2MU, 1
) = —— s
K K* +q
. UO h2 /62
B 2M

—1
0
+ 4F), sin® 2)

The differential cross section is then:

do U <h2/<;2

pfay2
=P = (s

K2

o\ 2
+ 4F), sin® 2)

Although we cannot really apply this method in the original Coulomb po-
tential (which is long range) we can consider it to be the limit of the Yukawa
potential for k — 0 with Uy/k — Ze?. In this case we get

do 12 Z264
S =l =7
dS) 16 £ sin™ 5

which the the classical scattering formula.
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