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1 Charged Particle in an Uniform Magnetic Field

In this problem you will consider a particle of mass M and charge e, restricted to
move on a large disk of radius R in the presence of a magnetic field of strength
B, perpendicular to the plane. The magnetic flux through the rectangle is
® = 7R?B. You will work in the circular gauge in which the components of the
vector potential, for B > 0, are
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In this gauge it is convenient to work in polar coordinates
T = TCosp, y=rsing
where
0<r<oo, and 0<p<2m
In polar coordinates the components of the vector potential become

B
A,. =0, and A, = 57“
You will work in the limit of a large disk, i. e. R — oo, while keeping the total
flux @ fixed and finite.

The Hamiltonian for this problem is
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The cartesian components of the canonical momentum, f’m and Py, and carte-
sian components of the coordinate, X and Y, obey the canonical commutation
relations:

(X 2| =V =in . [X.B) =[P =0

1. Show that the z-component of the angular momentum L.=X f’u —YP,
is conserved. Find an expression for L. in polar coordinates. Derive
the Schrodinger Equation for the eigenstates of energy E in the polar
coordinates (r, ¢).

2. Show that in polar coordinates the eigenstates of H have the form

U(r, @) = e R (r)
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Explain the physical meaning of the quantum number m and find the
allowed values of m. Find the Schrodinger Equation for the radial wave
function R,,(r) . Write this equation in terms of the cyclotron frequency
we = eB/Mec and of the magnetic length ¢y = \/hc/eB. Determine the
boundary conditions for R,,(r) as r — 0 and r — 0.

3. The radial wave functions R,,(r) of the allowed eigenstates have the form

u

Ry (r) = e 2 ylml/2 F(u)

where u = r?/(203) and F(u) = F(a,v,u) is a confluent hypergeometric
function ( )
au ola+l)u
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which satisfies the differential equation

d*F dF
Show that for this problem the parameters o and v are
1 E
a:i(—m+|m|+1)—hwc and vy=1|m|+1

Show that these wave functions satisfy the boundary conditions at r = 0
and as 7 — oo if the function F(u) is a polynomial of degree n, with
n = 0,1,2,...; hence, « = —n. Use these results to find the allowed
energy levels (the Landau levels).

Note: these polynomials are the generalized Laguerre polynomials
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How does the degeneracy of the Landau levels show up in this solution?



4. Consider now the wave functions of the states with n = 0 and m < 0.
Calculate their energies. Plot their probability distributions as a function
if r and ¢ for m = 0 and m = —1. Calculate the expectation value
(0,m|X? +Y2|0,m). What is the r. m. s. value of the position vector in
these states? How does it depend on ¢3? How does in general depend on
m?

5. Show that for a particle in a state at time t with wave function ¥(x,y,t)
the current density J(z,y,t) and probability density |¥(x,y,t)|* satisfy
the continuity equation

J=0
o TV

where the current is

= (v (54)'9

where . B e .
D = — A
v +ieAl,y)

is called the covariant derivative. Find a general expression for the radial
and azimuthal components J,(r, ) and J,(r,¢) of the current, and use
this result to calculate J, and J, for the eigenstates |n, m) = |0,0),]0, —1).
Give a physical interpretation of your results.

2 Angular Momentum in Three Dimensions

In this problem you will work out a number of important properties of the
angular momentum operators and of their eigentstates.

1. Construct the three 4 x 4 matrices that represent the operators jw, ju
and J.. Show that these matrices obey the commutation relations of
the angular momentum operators. Construct the 4 x 4 matrices which
represent the operators j+, J_ and J2.

2. Consider now the general angular momentum eigenstates |j,m). Show
that R .

and that
(,m|J2|j,m) = (j,m|J2|j,m) = K2[j(j + 1) — m?]/2

3. Use these results to show that AJ, AJ, satisfies an Uncertainty Principle.
Show that the bound is saturated by the states |j, 7).



4.

Let us define a rotation R(«, 3,7) where «, § and ~y are the Euler Angles
for three successive rotations:

U[R(Oz,ﬁ, 7)] _ efiajz/h efiﬁjy/h efi'yjz/h

Construct the matrix DMW[R(«, 3, )] explicitly as a product of three ma-
trices. Let ¥ = D1, 1). Show that

(U|J|W) = h(sin B cos o €, + sin Bsin €, +cosf e.)

where €, €, and €, are unit vectors along the directions z, y and z. Show
that for no value of a, 3 and ~ it is possible to rotate |1, 1) into just |1, 0).
Show that it is always possible to rotate |1,m) into a linear combination
involving |1, m’), that is

<17 m|D(1)[R(a,ﬁ, 7)]'17 ml> #0

for some «, 3, v and any m and m’.

The Angular Momentum states in the Coor-
dinate Basis

In what follows we will denote the wave functions of the angular momentum
states in spherical coordinates as

(0,916, m) = Y,"(0,9)

where —7m <0 <7 and 0 < ¢ < 27. Asusual, £=0,1,2,... and |m| < {.

1.
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Show that in spherical coordinates, the operators L , L. and Ly are given
b 52 1 0 0 1 02
L =—h? <m% SiHQ% + SJD—29W>
L.= —iha%
ﬁi = +het? <% + icot@%)

Show that the wave function Y/ (6, ¢) is the solution of the equation

) )
(% + i cot 98—¢) Y (0,¢) =0

What condition on the ket |, £) does this equation represent?

Using the lowering operator L_, construct the wave function for the ket
|¢, ¢ — 2), including the normalization constant.



