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1 I Charged Particle in a Uniform Magnetic Field
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Thus L, is conserved. As for its expression in polar coordinates:
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The schrodinger equation for the eigenstates of energy E is HU = EV, where
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(2) Since L. is conserved, [, should be a good quantum number for the system. Meanwhile,its eigen-equation

Thus the Schrodlnger equation is ;—E( 57 +1 p 07‘
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is Lo = —ih%q& = mhe¢, which satisfies ¢(0) = ¢(27). Then ¢, = ™¥ | where m is only integer, and we can
write the eigenstates of H in the form W(r, 1) = \/%eimem(T). Take this form into the Shrodinger equation
and we can get the equation for the radial wave function:
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where w, = eB/Mc,ly = \/he/eB.
As for the boundary condition, when r — 0, due to the single value of ¥ (0, ) for different ¢,R,,(0) =0 ;
when r — oo, ¥(r,1) = 0,thus R(oc0) =0
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Take the equality (2) into the radial equation (1), we can get:

d? d FE m m?
B Ban(r) + R + G == D) B = 0 3)

If we set R, (1) = e ul™/2F (1), the equation (3) will become:
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which satisfies the differential equation
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and the parameters v = |m| + 1,and a = £(—m + |m| + 1) — % The solution for F(u) is the confluent
hypergeometric function F(o,v,u) =1+ %% + ‘f‘ygfﬁ_i; ‘;—? + ... Only when F(u) is a polynomial of degree n,

the boundary conditions are satisfied:
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In order to make F'(u) a polynomial of degree n, the term should be zero and then we can

get a + n = 0, which means:
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Thus the allowed energy should be quantized and
E:% hwe(3 +n) when m >0
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The Landau levels show up to be degenerate for m > 0 with the same n.
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(4) For the states with n = 0;m < 0, the energy is E = hw.(—m + 3).
Then a =0,y =-—-m+ 1, . F(a,v,pu) = 1;¥(r,0) = \/ﬁ m‘z’e*“u‘m'/z.

After normalization, ¥ = ———2L_—¢imde—u/2y|m|/2
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It is easy to show that (z) = (y) = 0 and (2%) = (y?) = $(r?), meanwhile,
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(5)For the Schrodinger equation of particles in the magnetic field,
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We can get two equations from Schrodinger equation:
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which is the just the continuity equation a\;/tﬁ + 6) LT = 0, where T = %(\D*ﬁqf — (ﬁ@)*\lf) and
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6—7"2/4lg:

In this case,A, =0 and Ay = %r; for the case |n,m) =10,0),¥ = \/%l
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Jr(Tv ¢) = 0
{ Jo(r,8) = — iz (g + Pe /e (12)

T A M

2 II Angular Momentum in Three Dimensions

1.In the z-basis, Obviously,
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Using the relation Jy|J,m) = hy/J(J + 1) — m(m £ 1)|J,m £ 1), we can get:
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since J2|.J,m) = J(J 4+ 1)h2|.J,m),

1 000

jo _ 15R% (0 1 0 0 _ 1507,
— 4 \0 010/ 4
00 0 1
2.
Ji+J_
since Jy = J, +1iJ,, = N 2

+ Yy Jy:J+2iJ,

N = —
Il

(g, mlaljsm) = S ({G, mlJ |5, m) + (G, mlJ-|j,m)) = 5 (er(g, mlj,m +1) + e2{j, m|j,m — 1)) = 0
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Similarly, (5, m|Jy|j,m) =0
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Similarly, we can get (j,m|J}|j,m) = %2{]'(]' +1) —m?}

(3) Using the results in (2), it is true that AJ,AJ, = /(JZ)(J2) = B +1) —m?}

Meanwhile,
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For |m| < J, it is always true that j(j + 1) — m* — |m| > 0. Thus AJ,AJ, > 1[([Js,Jy])| and only when
m = 1j, the equality survives.
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Meanwhile,
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Similarly, we can get (V|J,|¥) = Asinfsina and (¥|J,|V) = hcos. Thus:
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In order to rotate |1,1) into state |1,0), we should have 1 + cosf = 1 — cos = 0, which is impossible to be
satisfied at the same time.Meanwhile,
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(1,m|DW[R(a, B,7)]|1,m’) = Df,}”)n, and we can always adjust the parameter and make the matrix element

non-zero for arbitrary m and m’.

3 III The Angular Momentum states in the Coordinate Basis
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Similarly,
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2. Since Y} (8, ¢) = c(sinf)'e’?;
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Meanwhile, as shown in Part (1), Ly = he'® (2 + ictgﬁa%), the equation in this problem is just L. |l,l) = 0,
which is just the case for state |,1).

(3) Since L_|l,m) = hy/I(l + 1) — m(m — 1)|I,m — 1), we can get the state |I,] —2) from the relation L2 |,1) =
h2\/(20)(41 = 2)|1,1 — 2); meanwhile, (8¢|l,1) = Y;'(8, ¢) = (—1)![ZLL]/2 L (sinf)leil® | thus:
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I (2+1)
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