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1 I Charged Particle in a Uniform Magnetic Field

(1)

[L̂z,H] = [X̂P̂y − Ŷ P̂x,
1

2M
(P̂x +

eB

2c
Ŷ )2 +

1
2M

(P̂y − eB

2c
X̂)2]

= [X̂P̂y − Ŷ P̂x,
1

2M
(P̂x + P̂y)2 +

eB

4Mc
(P̂xŶ + Ŷ P̂x − P̂yX̂ − X̂P̂y) +

e2B2

8Mc2
(X̂2 + Ŷ 2)]

=
1

2M
([X̂, P̂ 2

x ]P̂y − [Ŷ , P̂ 2
y ]P̂x) +

eB

4Mc
(2[X̂P̂y, P̂xŶ + 2[Ŷ P̂x, P̂yX̂])

+
e2B2

8Mc2
([X̂P̂y, Ŷ 2]− [Ŷ P̂x, X̂2])

=
1

2M
(2i~P̂xP̂y − 2i~P̂yP̂x) +

eB

4Mc
[2i~(Ŷ P̂y − X̂P̂x)− 2i~(Ŷ P̂y − X̂P̂x)] +

e2B2

8Mc2
(−2i~X̂Ŷ − (−2i~Ŷ X̂))

= 0

Thus Lz is conserved. As for its expression in polar coordinates:

{ r =
√

x2 + y2

θ = arctg y
x

⇒ {
∂r
∂x = x

r ; ∂r
∂y = y

r
∂θ
∂x = −y

r2 ; ∂θ
∂y = x

r2

Lz = X̂P̂y − Ŷ P̂x = −i~(x
∂

∂y
− y

∂

∂x
)

= −i~[x(
∂

∂r

∂r

∂y
+

∂

∂θ

∂θ

∂y
)− y(

∂

∂r

∂r

∂x
+

∂

∂θ

∂θ

∂x
)]

= i~(yx− xy)
1
r

∂

∂r
+ i~(−y2 − x2)

1
r2

∂

∂θ

= −i~
∂

∂θ

The schrodinger equation for the eigenstates of energy E is ĤΨ = EΨ, where

Ĥ =
1

2M
(Π̂2

x + Π̂2
y)

=
1

2M
(P̂ 2

x + P̂ 2
y ) +

eB

2Mc
(Ŷ P̂x − X̂P̂y) +

e2B2

8Mc2
(X̂2 + Ŷ 2)

=
−~2

2M
(

d2

dx2
+

d2

dy2
)− eB

2Mc
L̂z +

e2B2

8Mc2
r2

=
−~2

2M
(

∂2

∂r2
+

1
r

∂

∂r
+

1
r2

∂2

∂θ2
) +

i~eB
2Mc

∂

∂θ
+

e2B2

8Mc2
r2

Thus the Schrodinger equation is −~2
2M ( ∂2

∂r2 + 1
r

∂
∂r + 1

r2
∂2

∂θ2 )Ψ + i~eB
2Mc

∂Ψ
∂θ + e2B2

8Mc2 r2Ψ = EΨ
(2) Since L̂z is conserved, lz should be a good quantum number for the system. Meanwhile,its eigen-equation
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is L̂zφ = −i~ ∂
∂ψ φ = m~φ, which satisfies φ(0) = φ(2π). Then φm = eimψ , where m is only integer, and we can

write the eigenstates of Ĥ in the form Ψ(r, ψ) = 1√
2π

eimψRm(r). Take this form into the Shrodinger equation
and we can get the equation for the radial wave function:

d2

dr2
Rm(r) +

1
r

d

dr
Rm(r) + (

2E

~ωcl20
+

m

l20
− r2

4l40
− m2

r2
)Rm(r) = 0 (1)

where ωc = eB/Mc, l0 =
√
~c/eB.

As for the boundary condition, when r → 0, due to the single value of Ψ(0, ψ) for different ψ,Rm(0) = 0 ;
when r →∞, Ψ(r, ψ) = 0, thus R(∞) = 0

(3)
d

dr
=

r

l20

d

dµ
;

d2

dr2
=

1
l20

d

dµ
+

2µ

l20

d2

dµ2
(2)

Take the equality (2) into the radial equation (1), we can get:

µ
d2

dµ2
Rm(r) +

d

dµ
Rm(r) + (

E

~ωc
+

m

2
− µ− m2

4µ
)Rm(r) = 0 (3)

If we set Rm(r) = e
µ
2 µ|m|/2F (µ), the equation (3) will become:

µ
d2F

dµ2
+ (|m|+ 1− µ)

dF

dµ
− [

1
2
(|m| −m + 1)− E

~ωC
]F (µ) = 0 (4)

which satisfies the differential equation

µ
d2F

dµ2
+ (γ − µ)

dF

dµ
− αF = 0 (5)

and the parameters γ = |m| + 1, and α = 1
2 (−m + |m| + 1) − E

~ωc
. The solution for F(u) is the confluent

hypergeometric function F (α, γ, µ) = 1 + α
γ

µ
1! + α(α+1)

γ(γ+1)
µ2

2! + . . . Only when F (µ) is a polynomial of degree n,
the boundary conditions are satisfied:

Rm ∝
{

µ|m|/2 → 0 when r → 0
µ|m|/2+n

eµ/2 = 0 when r →∞

In order to make F (µ) a polynomial of degree n, the term α(α+1)...(α+n)
γ(γ+1)...(γ+n)

un+1

(n+1)! should be zero and then we can
get α + n = 0, which means:

1
2
(−m + |m|+ 1)− E

~ωc
+ n = 0

Thus the allowed energy should be quantized and

E =
~ωc

2
(|m| −m + 1 + 2n) =

{
~ωc( 1

2 + n) when m ≥ 0
~ωc(−m + n + 1

2 ) when m < 0

The Landau levels show up to be degenerate for m ≥ 0 with the same n.
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(4) For the states with n = 0; m ≤ 0, the energy is E = ~ωc(−m + 1
2 ).

Then α = 0, γ = −m + 1,∴ F (α, γ, µ) = 1; Ψ(r, θ) = 1√
2π

eimφe−uu|m|/2.

After normalization, Ψ = 1√
2πΓ(−m+1)l0

eimφe−u/2u|m|/2

P (r, φ) = 〈Ψ|Ψ〉 =

{
1

2πl20
e−r2/2l20 when m = 0

1
2πl20

e−r2/2l20(r2/2l20) when m = −1
(6)

It is easy to show that 〈x〉 = 〈y〉 = 0 and 〈x2〉 = 〈y2〉 = 1
2 〈r2〉, meanwhile,

〈0,m|X̂2 + Ŷ 2|0,m〉 =
1

2πΓ(−m + 1)l20

∫ 2π

0

dφ

∫ ∞

0

rdrr2e−µµ−m

=
2l40

Γ(−m + 1)l20

∫ ∞

0

dµµ−m+1e−mu

= 2l20Γ(−m + 2)/Γ(−m + 1) = 2(−m + 1)l20

(5)For the Schrodinger equation of particles in the magnetic field,

1
2M

[−~2 52 +
ie~
c

(−→A · −→5 +−→5 · −→A ) +
e2A2

c2
]Ψ = i~

∂Ψ
∂t

We can get two equations from Schrodinger equation:

Ψ∗

2M
[−~2 52 +

ie~
c

(−→A · −→5 +−→5 · −→A ) +
e2A2

c2
]Ψ = Ψ∗i~

∂Ψ
∂t

(7)

Ψ
2M

[−~2 52 − ie~
c

(−→A · −→5 +−→5 · −→A ) +
e2A2

c2
]Ψ∗ = Ψ(−i~)

∂Ψ∗

∂t
(8)

Equation (6)-Equation (7) and then:

−~2

2M
(Ψ∗52 Ψ−Ψ52 Ψ∗) +

ie~
2Mc

[(Ψ∗−→A · −→5Ψ + Ψ−→5 ·−→AΨ∗) + (Ψ−→A · −→5Ψ∗ + Ψ∗−→5 ·−→AΨ)] = i~[Ψ
∂Ψ∗

∂t
+ Ψ∗

∂Ψ
∂t

]

∴ −~2

2M
5 ·(Ψ∗ 5Ψ−Ψ5Ψ∗) +

ie~
2Mc

−→5 · (2Ψ∗Ψ−→A ) = i~
∂

∂t
[ΨΨ∗]

∴ ∂

∂t
[ΨΨ∗] +

~
2Mi

−→5 · (Ψ∗ 5Ψ−Ψ5Ψ∗ − 2ie

~c
Ψ∗Ψ−→A ) = 0 (9)

which is the just the continuity equation ∂|Ψ|2
∂t + −→5 · −→J = 0, where −→

J = ~
2Mi (Ψ

∗−→DΨ − (−→DΨ)∗Ψ) and−→
D = −→5 − i e

~c
−→
A

Since −→D = −→5 − i e
~c
−→
A = ( ∂

∂r − i e
~cAr(r, φ))−→er + ( 1

r
∂

∂φ − i e
~cAφ(r, φ))−→eφ. Thus:

{
Jr(r, φ) = ~

2Mi (Ψ
∗ ∂

∂r Ψ−Ψ ∂
∂r Ψ∗ − 2ie

~c Ar(r, φ)Ψ∗Ψ)
Jφ(r, φ) = ~

2Mi [
1
r (Ψ∗ ∂

∂φΨ−Ψ ∂
∂φΨ∗)− 2ie

~c Aφ(r, φ))Ψ∗Ψ]
(10)
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In this case,Ar = 0 and Aφ = B
2 r; for the case |n,m〉 = |0, 0〉,Ψ = 1√

2πl0
e−r2/4l20 :

{
Jr(r, φ) = 0
Jφ(r, φ) = − ωcr

4πl20
e−r2/2l20 (11)

For the case |n,m〉 = |0,−1〉,Ψ = 1√
2πl0

e−iφe−r2/4l20( r2

2l20
)

1
2 and then:

{
Jr(r, φ) = 0
Jφ(r, φ) = − ~

4πMl40
( r
2l20

+ 1
r )e−r2/2l20r2 (12)

2 II Angular Momentum in Three Dimensions

1.In the z-basis, Obviously,

Ĵz = ~
( 3/2 0 0 0

0 1/2 0 0
0 0 −1/2 0
0 0 0 −3/2

)

Using the relation J±|J,m〉 = ~
√

J(J + 1)−m(m± 1)|J,m± 1〉, we can get:

J+ = ~
( 0

√
3 0 0

0 0 2 0
0 0 0

√
3

0 0 0 0

)
;J− = ~

( 0 0 0 0√
3 0 0 0

0 2 0 0
0 0

√
3 0

)

Jx = J++J−
2 = ~

2

( 0
√

3 0 0√
3 0 2 0

0 2 0
√

3
0 0

√
3 0

)
; Jy = J+−J−

2i = ~
2

( 0 −√3i 0 0√
3i 0 −2i 0
0 2i 0 −√3i
0 0

√
3i 0

)

since Ĵ2|J,m〉 = J(J + 1)~2|J,m〉,

Ĵ2 =
15~2

4

( 1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

)
=

15~2

4
Î

2.

since J± = Jx ± iJy, ⇒
{

Jx = J++J−
2

Jy = J+−J−
2i

〈j, m|Jx|j, m〉 =
1
2
(〈j, m|J+|j, m〉+ 〈j, m|J−|j, m〉) =

1
2
(c1〈j, m|j, m + 1〉+ c2〈j, m|j, m− 1〉) = 0
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Similarly, 〈j, m|Jy|j, m〉 = 0

〈j, m|J2
x |j, m〉 =

1
4
〈j, m|(J+ + J−)2|j, m〉 =

1
4
〈j, m|(J2

+ + J2
− + J+J− + J−J+)|j, m〉

=
1
4
〈j, m|(J+J− + J−J+)|j, m〉

=
~2

4
{
√

j(j + 1)−m(m− 1)
√

j(j + 1)− (m− 1)(m− 1 + 1)

+
√

j(j + 1)−m(m + 1)
√

j(j + 1)− (m + 1)(m + 1− 1)}

=
~2

4
{j(j + 1)−m(m− 1) + j(j + 1)−m(m + 1)}

=
~2

2
{j(j + 1)−m2}

Similarly, we can get 〈j, m|J2
y |j, m〉 = ~2

2 {j(j + 1)−m2}

(3) Using the results in (2), it is true that ∆Jx∆Jy =
√
〈J2

x〉〈J2
y 〉 = ~2

2 {j(j + 1)−m2}
Meanwhile,

1
2
|〈j, m|[Jx, Jy]|j, m〉 =

~
2
〈j, m|Jz|j, m〉 =

~2

2
|m|

For |m| ≤ J , it is always true that j(j + 1) − m2 − |m| ≥ 0. Thus ∆Jx∆Jy ≥ 1
2 |〈[Jx, Jy]〉| and only when

m = ±j, the equality survives.

4.

U [R(α, β, γ)] = e−iαĴz/~e−iβĴy/~e−iγĴz/~

=
∑
m

∑
n

∑

n′

∑

m′
e−iαĴz/~|z,m〉〈z, m|y, n〉〈y, n|e−iβĴy/~|y, n′〉〈y, n′|z, m′〉〈z,m′|e−iγĴz/~

=
∑
m

∑
n

∑

m′
e−iαm|z,m〉〈z, m|y, n〉e−iβn〈y, n′|z, m′〉e−iγm′ |z, m〉〈z, m′|

=
( e−iα 0 0

0 1 0
0 0 eiα

)
T

( e−iβ 0 0
0 1 0
0 0 eiβ

)
T+

( e−iγ 0 0
0 1 0
0 0 eiγ

)

=
( e−iα 0 0

0 1 0
0 0 eiα

)( 1+cosβ
2

−sinβ√
2

1−cosβ
2

sinβ√
2

cosβ − sinβ√
2

1−cosβ
2

sinβ√
2

1+cosβ
2

)( e−iγ 0 0
0 1 0
0 0 eiγ

)

Where

T =
( 1/2 1/

√
2 1/2

i/
√

2 0 −i/
√

2
−1/2 1/

√
2 −1/2

)

∴ Ψ = D(1)|1, 1〉 = U

( 1
0
0

)
=

( 1+cosβ
2 e−i(γ+α)

sinβ√
2

e−iγ

1−cosβ
2 e−i(γ−α)

)
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Meanwhile,
−→
J = Ĵx

−→e x + Ĵy
−→e y + Ĵz

−→e z

=
~√
2

( 0 1 0
1 0 1
0 1 0

)
−→e x +

~√
2

( 0 −i 0
i 0 −i
0 −i 0

)
−→e y + ~

( 1 0 0
0 0 0
0 0 −1

)
−→e z

〈Ψ|−→J x|Ψ〉 =
~√
2
( 1+cosβ

2 ei(γ+α), sinβ√
2

eiγ , 1−cosβ
2 ei(γ−α) )

( 0 1 0
1 0 1
0 1 0

)( 1+cosβ
2 e−i(γ+α)

sinβ√
2

e−iγ

1−cosβ
2 e−i(γ−α)

)

=
~
4
{sinβ(1 + cosβ)eiα + sinβ(1− cosβ)e−iα + sinβ[(1− coβ)eiα + (1 + cosβ)e−iα]}

= ~sinβcosα

Similarly, we can get 〈Ψ|Jy|Ψ〉 = ~sinβsinα and 〈Ψ|Jz|Ψ〉 = ~cosβ. Thus:

〈Ψ|−→J |Ψ〉 = ~(sinβcosα−→e x + sinβsinα−→e y + cosβ−→e z)

In order to rotate |1, 1〉 into state |1, 0〉, we should have 1 + cosβ = 1 − cosβ = 0, which is impossible to be
satisfied at the same time.Meanwhile,

D(1)[R(α, β, γ)] =
( 1+cosβ

2 e−i(γ+α) −sinβ√
2

e−iα 1−cosβ
2 ei(γ−α)

sinβ√
2

e−iγ cosβ − sinβ√
2

eiγ

1−cosβ
2 e−i(γ−α) sinβ√

2
eiα 1+cosβ

2 ei(γ+α)

)

〈1,m|D(1)[R(α, β, γ)]|1,m′〉 = D
(1)
mm′ and we can always adjust the parameter and make the matrix element

non-zero for arbitrary m and m’.

3 III The Angular Momentum states in the Coordinate Basis

Lx = −i~(y
∂

∂z
− z

∂

∂y
)

= −i~[y(
∂

∂r

∂r

∂z
+

∂

∂θ

∂θ

∂z
+

∂

∂φ

∂φ

∂z
)− z(

∂

∂r

∂r

∂y
+

∂

∂θ

∂θ

∂y
+

∂

∂φ

∂φ

∂y
)]

= −i~[y(
z

r

∂

∂r
−

√
x2 + y2

r2

∂

∂θ
)− z(

y

r

∂

∂r
+

zy√
x2 + y2r2

∂

∂θ
+

x

x2 + y2

∂

∂φ
)]

= −i~[−(

√
x2 + y2y

r2
+

z2y√
x2 + y2r2

)
∂

∂θ
− xz

x2 + y2

∂

∂φ
]

= i~[sinφ
∂

∂θ
+ ctgθcosφ

∂

∂φ
]
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Similarly,

Ly = i~[−cosφ
∂

∂θ
+ ctgθsinφ

∂

∂φ
]; Lz = −i~

∂

∂φ

L+ = Lx + iLy = ~[(cosφ + isinφ)
∂

∂θ
+ ictgθ(cosφ + isinφ)

∂

∂φ
]

= ~eiφ(
∂

∂θ
+ ictgθ

∂

∂φ
)

L− = Lx − iLy = ~[(−cosφ + isinφ)
∂

∂θ
− ictgθ(−cosφ + isinφ)

∂

∂φ
]

= −~e−iφ(
∂

∂θ
− ictgθ

∂

∂φ
)

L̂2 = L̂+L̂− + L2
z − ~Lz

= −~2eiφ(
∂

∂θ
+ ictgθ

∂

∂φ
)e−iφ(

∂

∂θ
− ictgθ

∂

∂φ
)− ~2 ∂2

∂φ2
+ i~2 ∂

∂φ

= −~2

[
∂2

∂θ2
+ ctg2θ

∂2

∂φ2
+ ctgθ

∂

∂θ
− ictg2θ

∂

∂φ
+

i

sin2θ

∂

∂φ
− i

∂

∂φ
+

∂2

∂φ2

]

= −~2

[
∂2

∂θ2
+ ctgθ

∂

∂θ
+

1
sin2θ

∂2

∂φ2

]

= −~2

[
1

sinθ

∂

∂θ
sinθ

∂

∂θ
+

1
sin2θ

∂2

∂φ2

]

2. Since Y l
l (θ, φ) = c(sinθ)leilφ;

∂

∂θ
Y l

l (θ, φ) = cl(sinθ)l−1cosθeilφ

ictgθ
∂

∂φ
Y l

l (θ, φ) = ictgθ(sinθ)l(il)eilφ = −l(sinθ)l−1eilφ

∴ (
∂

∂θ
+ ictgθ

∂

∂φ
)Y l

l (θ, φ) = 0

Meanwhile, as shown in Part (1), L+ = ~eiφ( ∂
∂θ + ictgθ ∂

∂φ ), the equation in this problem is just L+|l, l〉 = 0,
which is just the case for state |l, l〉.

(3) Since L̂−|l, m〉 = ~
√

l(l + 1)−m(m− 1)|l, m− 1〉, we can get the state |l, l− 2〉 from the relation L̂2
−|l, l〉 =

~2
√

(2l)(4l − 2)|l, l − 2〉; meanwhile, 〈θφ|l, l〉 = Y l
l (θ, φ) = (−1)l[ (2l+1)!

4π ]1/2 1
2ll!

(sinθ)leilθ, thus:

〈θ, φ|l, l − 2〉 =
1

~2
√

4l(2l − 1)
(−1)l[

(2l + 1)!
4π

]1/2 1
2ll!
~2[e−iφ(

∂

∂θ
− ictgθ

∂

∂φ
)]2(sinθ)leilθ

=
1√

4l(2l − 1)
(−1)l[

(2l + 1)!
4π

]1/2 1
2ll!

[e−iφ(
∂

∂θ
− ictgθ

∂

∂φ
)][2l(sinθ)l−1cosθei(l−1)φ]
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= (−1)l−2

√
l

2l − 1
[
(2l + 1)!

4π
]1/2 1

2ll!
[2(l − 1)cos2θ − sin2θ]sinl−2θei(l−2)φ


