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1. Consider the set of all 3-tuples of the form (a, b, c) whose entries are real
numbers. Addition and scalar multiplication are defined as

(a, b, c) + (d, e, f) = (a + d, b + e, c + f)

and
α(a, b, c) = (αa, αb, αc)

Write down the null vector and the inverse of (a, b, c). Show that vectors
of the form (a, b, 1) do not form a vector space.

2. Consider three elements from the vector space of 2 × 2 real matrices

|1〉 =

(

0 1
0 0

)

|2〉 =

(

1 1
0 1

)

|3〉 =

(

−2 −1
0 −2

)

Are they linearly independent? Give details of your statements.

3. Let V be the vector space of 2 × 2 complex matrices. Let |A〉 and |B〉 be
two 2 × 2 complex matrices, A ∈ V and B ∈ V. Let us define 〈A|B〉 by

〈A|B〉 ≡ tr
{

A†B
}

Here tr A denotes the trace of the matrix A, and A† is the adjoint of A.

(a) Show that 〈A|B〉 defines an inner product in V, i. e. check that it
satisfies the axioms.

(b) Let Eij be the 2 × 2 matrices with matrix elements (Eij)kl = δikδjl,
where i, j, k, l = 1, 2, respectively. Show that the set of matrices {Eij}
is an orthonormal basis with respect to the inner product defined
above.

(c) Let A =
∑

i,j=1,2 aijEij . Compute the norm of A.

4. (a) Show that the set of 2 × 2 Hermitian matrices form a vector space.
What conditions do their matrix elements satisfy? What is the di-
mension of this vector space?
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(b) Consider now a general 2 × 2 Hermitian matrix of the form

|n〉 =

(

n0 + n3 n1 − in2

n1 + in2 n0 − n3

)

Compute the trace and the determinant of this matrix. Compute
also its eigenvalues and its eigenvectors (with unit norm).

(c) Using that the inner product of two (Hermitian) matrices A and B is
〈A|B〉 = tr (A†B), form an orthonormal basis in of the vector space
of 2 × 2 Hermitian matrices starting with the following matrices

|1〉 =

(

0 1
1 0

)

, |2〉 =

(

1 1
1 −1

)

, |3〉 =

(

0 1 − i

1 + i 0

)

, |4〉 =

(

1 −i

i 1

)

5. Let H be a Hermitian operator. Show that

eiH ≡
∞
∑

n=0

in

n!
Hn

is a unitary operator.

6. Show that the trace and the determinant of a linear Hermitian operator Ω,
represented by a finite rank N × N matrix, are not affected by a unitary
change of basis U .

7. By considering the commutator, show that the Hermitian matrices Ω and
Λ,

Ω =





1 0 1
0 0 0
1 0 1



 , Λ =





2 1 1
1 0 −1
1 −1 2





can be simultaneously diagonalized. Find the eigenvectors common to
both. Verify that under a unitary transformation to this basis both ma-
trices are diagonalized.

8. Let F be the set of square integrable complex functions of a single variable
x, −∞ ≤ x ≤ +∞, where by square integrable we mean that

∫ +∞

−∞

dx |f(x)|2 < ∞

Let |f〉 ∈ F and |g〉 ∈ F. Let us define

〈f |g〉 ≡
∫ +∞

−∞

dx f(x) g(x)

where f(x) denotes the complex conjugate of f(x).

(a) Show that F is a vector space.
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(b) Show that 〈f |g〉 satisfies the axioms for an inner product.

(c) Consider the linear differential operator

D = −i
d

dx

acting on the vectors in F. Find what are the possible boundary
conditions at x → ±∞ that the functions in F should satisfy for the
operator D to be Hermitian.

(d) Show that the vectors |p〉

|p〉 =
1√
2π

eipx

where p an arbitrary real number, form an orthonormal basis with
respect to the inner product defined above. Use the notation

δ(p − p′) =
1

2π

∫ +∞

−∞

dx ei(p− p′)x

for the Dirac delta-function. Show that this basis is also complete.

(e) Check the validity of the following properties of the Dirac delta-
function.

i.

δ(ax) =
1

|a| δ(x)

where a ∈ R and a 6= 0.
ii.

δ(f(x)) =
∑

n

1

| df

dxn

|
δ(x − xn)

where xn are the zeros of f(x).
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