P580 HW1 Solution 1

1 1

|a) +10) = |a) =>0) =(0,0,0) ;

la) +|—a) =0; = | —a) = (—a,—b,—¢)

Since (al,bl, 1) + (Cll, by, 1) = (a1 + ag, by + ba, 2) ¢ (a, b, 1),
the vectors of the form (a,b,1) do not form a vector space.

2 II
Set al|l) + b|2) + |3) = 0, then
b—2¢=0 = a:b:c=-1:2:1
a+b—c=0
Thus we can show that —|1) +2|2) + |3) = 0 ie. they are linearly dependent.
3 III

(a)Let us check that whether 1)(A|B) = (B|A)*,2)(A|A) >0, 3) (A|luB +vC) = pn(A|B) + v(A|B)
1)

(B|A) = tr{B* A} = (B")i;A;ji = Bj;Aji = (A};By;)"
(A|B) = (B|A)"

2) (A|A) = (A7) Aji = A5 A5 > 0
3) (AluB +vC) = tr <A+(/J,B + VC’)) = utr(A*B) + vtr(AtC) = u(A|B) + v(A|B)

(b) <Ezj|Emn> = (Eij);;l(Emn)k:l = 5ik5jl6mk§nl = §im6jn6ik5jl = 51m6Jn
Thus {F;;} is an orthonormal basis with respect to the inner product defined above.

(c) [A] = V(Al4) = \/a?jamn<Eij\Emn> = \/05amndim0jn = /075045

4 IV

(a) For the Hermitian matrices, A* = Ajie A;; = A%, 5 set p,v € R
thus (WA +vB)}; = (WA +vB)}; = pAj; +vBj, = pAy+vBij = (WA+vB)y; = (nA+vB)* = (LA+vB) e,
It is easy to prove other axioms and thus the Hermitian matrices form a vector space. Obviously, the dimension

for this vector space is 4.
. a b—ic 10 0 1 0 —i 0 0
Since <b+ic d )‘“(0 0)”’(1 0)”(2‘ o>+d<o 1)
(b)
Trin) = (ng + n3) + (ng — n3) = 2ng (2)

ng+n ny —in
Det| 073 ! 2 :ngfn%fngfng
ny + Mg MNg — N3
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As for the eigenvalues and eigenvectors, .
n1 + ing ng — N3 — A

Thus A = ng + /n? + n3 + n2,
When Ay = ng + /n? +n3 +n3, ¢} = (n1 — ing, /n3 +nj +n3 —na)

Set ny = nsinfcosy, ny = nsinfsinp, n3 = ncos, thus ¢ = (nsinfe’” n(1 — cost))

After normalization,¢, = cosge“/’, sing

Similarly, for Ay = ng + \/W? ¢5 = ((

After normalization, ¢o = (sineew, cos?
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Generally, we can prove that ede

— [1)(1]3) — 122

3)
0 1
1 0

B

=€

2

1/0
2\1

)l

A+

1 — cosf)e™ ™, sind).

o)m|( o) )

) ) a6 S

B only if when [A,B] =

zm):zzm

m=0n=0

( _n Aan n Zklzc Aanfn

1
0

5

0
1+

1—1
0

)



P580 HW1 Solution 3

A+B A+B

| ~

S
k=0

However, (A + B)F = ZZ:O C];A"Bk’” is true only when [A, B] = 0. Thus, it is not difficult to show that:

[et] el = el il — gtH=il — T je it is a unitary operator.
6 VI
TrY =Tr(UTQU) =Tr(UUTQ) =Tr(Q) (5)
Det(Y) = Det(UTQU) = DetUDetU™ Det(Q) = Det(£2)
7 VII
1 01 2 1 1 2 1 1 1 01
<O 0 O><1 0 —1)—(1 0 —1>(0 0 O) (6)
1 01 1 1 2 1 -1 2 1 01
3 0 3 3 0 3
<0 0 O>—<0 0 O>
3 0 3 3 0 3
= 0

Thus the hermitian matrices 2 and A can be simultaneously diagonalized.
Now let us find the eigenvalues and eigenvectors for Q and A:

1-w 0 1 1-X 0 1
' 0 —w 0 ' =0 ‘ 0 A 0 |=0
1 0 1-w 1 0 1—-2X
W172=O;(.¢J3:2 A :—1,)\2—2,)\3:3
w1 :Oadjl:%(lvoa_l% :_law_ %(15_27_1)5
w2:01¢1:(03170); )\Z_Qﬂ/}_%(lalv_l);
ws=2,¢1=5(1,0,1); | A3=3,9=5(1,0,-1);
Since for 2,there are two degenerate eigenvectors, we choose the eigtinvectlzors O1f A as the eigenvectors common
V6 V3 V2
to both(check!). Thus the unitary transformation matrix is U = (\/% % 0 )
-1 -1 _1
V6o V3 V2
0 0 0 1

Q’U*QU(O 0 O) A’U*AU(
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8 VIII

a) Now let us prove |f) + |g) € F ie is square integrable.

[ ali@ +owr = [ dm(lf(w)l2 L@ + @) gle) + f(x)g(x)*) (7)

/Z dx(lf(:c)P + |g(@)[* + 2Re[f @)*gm])

N

/Z da:(|f(a:)|2 +lg(@)* +2If <$>'9(I)>

N

| dx(|f<x>|2 L@ + | f@)P + |g<z>|2)

/Z d”('f Sl |g(x>|2> < o0

Thus |f) + |g) € F and it is easy to prove other axioms to show F is a vector space.

*

b)(flg) = [, de F@lg(e) = (ff‘;odxg@c)ﬂx)) — (ol)*
(1) = [ do (@) f(z) = |22, d|f(x)]* >0

(g + k) = [, da T (a(o) + k(o)) = il + (110
¢) In order to make operator D to be Hermitian, (f|Dg) = (D™ f|g), where D = D

(fIDg)

" a@ie =i [ wd )]+ [ el ©
_OOJr/(:dx[z }

If the boundary condition satisfy f(oo) = f(—o0) = g(o0) = g(—o00) =0, DT = —i% = D ie. it is Hermitian
operator.
d) (p'lp) = &= [75 e'P7P)%dy = §(p — p'), the vectors |p) form an orthonormal basis.

For an arbitrary state |f), since
/ dof(z)|z) = / / F p)e’*|x) (9)
- [ info) | ) - | _dnf @)l

Thus this basis is also complete.

= —if(z)g(x)

1)
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e) Whena > 0, [ _dxd(ax) = [T _d¥s(y) =1
o 5( z) = 16(z)
similarly, Whena < 0,6(az) = —16()
Thus,d(az) = |ia5(x)

f) If f(x) #0,0(f(x)) = 0, It is infinity only when f(x) = 0; Set y = f(x), then dz = 4-dy
dx

[e'e] Tn+e€
/_ dzdo(f(z)) = Z/ dzo(f Z/ | =Z| ! |
L (@) = Z;p(w—wn)



