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+ �nite terms

I Universalsubleading terms at QCP ford > 1?
I UniversalO(1) term in topological phasesin 2D

S = � L � 
 + O(L� 1); Kitaev and Preskill, Levin and Wen

� is non universal and
 depends only on topological invariants
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6

� ln L + O(1); (Cardy and Peschel)

� and � are non-universal constants,c is the central charge of the
CFT, and� is the Euler characteristic of the region:

� = 2 � 2h � b; h = # handles; b = # boundaries

� S = �
c
6

(� A + � B � � A[ B ) logL

I The O(1) correction has auniversal pieceproportional to logg, the
�boundary entropy� of A�eck and Ludwig



Universal Contributions to the Entanglement Entropy



Universal Contributions to the Entanglement Entropy

I For regionsA � B the coe�cient of the log L term vanishes since



Universal Contributions to the Entanglement Entropy

I For regionsA � B the coe�cient of the log L term vanishes since

� A + � B = � A[ B ) � S = 0



Universal Contributions to the Entanglement Entropy

I For regionsA � B the coe�cient of the log L term vanishes since

� A + � B = � A[ B ) � S = 0

I A and B are physically separate and have no common intersection,
� A + � B � � A[ B 6= 0.
The system physically splits in two disjoint parts) logL term in the
entanglement entropy



Universal Contributions to the Entanglement Entropy

I For regionsA � B the coe�cient of the log L term vanishes since

� A + � B = � A[ B ) � S = 0

I A and B are physically separate and have no common intersection,
� A + � B � � A[ B 6= 0.
The system physically splits in two disjoint parts) logL term in the
entanglement entropy

I A and B share a common boundary) logL term whose coe�cient
is determined by the angles at the intersections



Universal Contributions to the Entanglement Entropy

I For regionsA � B the coe�cient of the log L term vanishes since

� A + � B = � A[ B ) � S = 0

I A and B are physically separate and have no common intersection,
� A + � B � � A[ B 6= 0.
The system physically splits in two disjoint parts) logL term in the
entanglement entropy

I A and B share a common boundary) logL term whose coe�cient
is determined by the angles at the intersections

I If the boundary ofA is not smooth, the coe�cient depends on the
angles� i for both regions



Universal Contributions to the Entanglement Entropy

I For regionsA � B the coe�cient of the log L term vanishes since

� A + � B = � A[ B ) � S = 0

I A and B are physically separate and have no common intersection,
� A + � B � � A[ B 6= 0.
The system physically splits in two disjoint parts) logL term in the
entanglement entropy

I A and B share a common boundary) logL term whose coe�cient
is determined by the angles at the intersections

I If the boundary ofA is not smooth, the coe�cient depends on the
angles� i for both regions



Universal Contributions to the Entanglement Entropy



Universal Contributions to the Entanglement Entropy

with B. Hsu, M. Mulligan and E.-A. Kim (in preparation)



Universal Contributions to the Entanglement Entropy

with B. Hsu, M. Mulligan and E.-A. Kim (in preparation)

I If the coe�cient of the logarithmic term vanishes, theO(1) is
universal



Universal Contributions to the Entanglement Entropy

with B. Hsu, M. Mulligan and E.-A. Kim (in preparation)

I If the coe�cient of the logarithmic term vanishes, theO(1) is
universal

I For the conformally invariant wave function theO(1) term equals
log

�
4�� R2

�
, whereR is the compacti�cation radius.



Universal Contributions to the Entanglement Entropy

with B. Hsu, M. Mulligan and E.-A. Kim (in preparation)

I If the coe�cient of the logarithmic term vanishes, theO(1) is
universal

I For the conformally invariant wave function theO(1) term equals
log

�
4�� R2

�
, whereR is the compacti�cation radius.

I For the RK quantum dimer model,� = 1
8� and R = 1, this term is

log 1
2 , as in the nearby topological phase



Universal Contributions to the Entanglement Entropy

with B. Hsu, M. Mulligan and E.-A. Kim (in preparation)

I If the coe�cient of the logarithmic term vanishes, theO(1) is
universal

I For the conformally invariant wave function theO(1) term equals
log

�
4�� R2

�
, whereR is the compacti�cation radius.

I For the RK quantum dimer model,� = 1
8� and R = 1, this term is

log 1
2 , as in the nearby topological phase

I This result generalizes for a general conformally invariant wave
function



Universal Contributions to the Entanglement Entropy

with B. Hsu, M. Mulligan and E.-A. Kim (in preparation)

I If the coe�cient of the logarithmic term vanishes, theO(1) is
universal

I For the conformally invariant wave function theO(1) term equals
log

�
4�� R2

�
, whereR is the compacti�cation radius.

I For the RK quantum dimer model,� = 1
8� and R = 1, this term is

log 1
2 , as in the nearby topological phase

I This result generalizes for a general conformally invariant wave
function

S = log
�
Z A

D Z B
D =ZA[ B

�
= � logg = log

 P
i ;j N i

abN j
bc S0

i S0
jP

k N l
abS0

l

!



Universal Contributions to the Entanglement Entropy

with B. Hsu, M. Mulligan and E.-A. Kim (in preparation)

I If the coe�cient of the logarithmic term vanishes, theO(1) is
universal

I For the conformally invariant wave function theO(1) term equals
log

�
4�� R2

�
, whereR is the compacti�cation radius.

I For the RK quantum dimer model,� = 1
8� and R = 1, this term is

log 1
2 , as in the nearby topological phase

I This result generalizes for a general conformally invariant wave
function

S = log
�
Z A

D Z B
D =ZA[ B

�
= � logg = log

 P
i ;j N i

abN j
bc S0

i S0
jP

k N l
abS0

l

!

Nc
ab are the fusion coe�cients andSj

i is the modularS-matrix



Universal Contributions to the Entanglement Entropy

with B. Hsu, M. Mulligan and E.-A. Kim (in preparation)

I If the coe�cient of the logarithmic term vanishes, theO(1) is
universal

I For the conformally invariant wave function theO(1) term equals
log

�
4�� R2

�
, whereR is the compacti�cation radius.

I For the RK quantum dimer model,� = 1
8� and R = 1, this term is

log 1
2 , as in the nearby topological phase

I This result generalizes for a general conformally invariant wave
function

S = log
�
Z A

D Z B
D =ZA[ B

�
= � logg = log

 P
i ;j N i

abN j
bc S0

i S0
jP

k N l
abS0

l

!

Nc
ab are the fusion coe�cients andSj

i is the modularS-matrix



Entanglement in FQH �uids and Chern-Simons theory



Entanglement in FQH �uids and Chern-Simons theory

with Shying Dong, Sean Nowling and Rob Leigh (2008)



Entanglement in FQH �uids and Chern-Simons theory

with Shying Dong, Sean Nowling and Rob Leigh (2008)
I The FQH wave functions represent topological �uids with a �nite

correlation length� / ` (` is the magnetic length).



Entanglement in FQH �uids and Chern-Simons theory

with Shying Dong, Sean Nowling and Rob Leigh (2008)
I The FQH wave functions represent topological �uids with a �nite

correlation length� / ` (` is the magnetic length).
I The entanglement entropy of FQH states has be computed

numerically (K. Schoutens and coworkers, 2007).



Entanglement in FQH �uids and Chern-Simons theory

with Shying Dong, Sean Nowling and Rob Leigh (2008)
I The FQH wave functions represent topological �uids with a �nite

correlation length� / ` (` is the magnetic length).
I The entanglement entropy of FQH states has be computed

numerically (K. Schoutens and coworkers, 2007).
I One can compute the entanglement entropy directly from the

e�ective �eld theory of all FQH states: Chern-Simons gauge theory.



Entanglement in FQH �uids and Chern-Simons theory

with Shying Dong, Sean Nowling and Rob Leigh (2008)
I The FQH wave functions represent topological �uids with a �nite

correlation length� / ` (` is the magnetic length).
I The entanglement entropy of FQH states has be computed

numerically (K. Schoutens and coworkers, 2007).
I One can compute the entanglement entropy directly from the

e�ective �eld theory of all FQH states: Chern-Simons gauge theory.
I This result can be applied directly to all known FQH states.



Entanglement in FQH �uids and Chern-Simons theory

with Shying Dong, Sean Nowling and Rob Leigh (2008)
I The FQH wave functions represent topological �uids with a �nite

correlation length� / ` (` is the magnetic length).
I The entanglement entropy of FQH states has be computed

numerically (K. Schoutens and coworkers, 2007).
I One can compute the entanglement entropy directly from the

e�ective �eld theory of all FQH states: Chern-Simons gauge theory.
I This result can be applied directly to all known FQH states.
I It computes only the topological invariant piece of the entanglement

entropy.



Entanglement in FQH �uids and Chern-Simons theory

with Shying Dong, Sean Nowling and Rob Leigh (2008)
I The FQH wave functions represent topological �uids with a �nite

correlation length� / ` (` is the magnetic length).
I The entanglement entropy of FQH states has be computed

numerically (K. Schoutens and coworkers, 2007).
I One can compute the entanglement entropy directly from the

e�ective �eld theory of all FQH states: Chern-Simons gauge theory.
I This result can be applied directly to all known FQH states.
I It computes only the topological invariant piece of the entanglement

entropy.
I It is given in terms of the modularS-matrix of the e�ective

Chern-Simons theory and of its conformal blocks
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Witten 1989 for the Chern-Simons theory (1989),
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Reduced density matrix: � A = aa� � 11 + ab� � 12 + a� b� 21 + bb� � 22

Entanglement Entropy: SA = lnS0
0 � � 1 ln � 1 � (d2
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I We discussed the behavior of the entanglement entropy near
quantum phase transitions and in topological phases.

I The entanglement entropy of 2D QCPs with conformally invariant
wave functions has a universal logarithmic terms

I If the logarithmic term is absent theO(1) term is universal
I In a topological phase the �nite term in the entanglement entropy is

a universal property of the phase, which may or may not agree with
that of the QCP.

I We computed the topological entanglement entropy for
Chern-Simons gauge theories

I The entanglement entropy of abelian and non-abelian FQH states is
given in terms of the modularS matrix for the e�ective CS theory

I This requires to glueU(1) charge sector and the coset
(SU(2)=U(1))k neutral sector.
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Conclusions

I For a simply connected region it is universal and depends only on
the total quantum dimension

I For regions which are not simply connected, the entropy is additive.
I The entropy of disjoint regions on a torus depends on the e�ective

quantum dimension and on the state on the torus.
I The entropy for a simply connected region on the sphere with 4

quasiparticles (punctures) depends on the conformal block
I The entropy depends on the quantum dimensions and on the

particular state that is chosen. The change of basis dependson the
fusion matrix and on the conformal weights as well

I It may be possible to determine the structure of the topological �eld
theory by means of entanglement entropy measurements


	Collaborators and References
	Motivation 
	Topological Phases of Matter
	Experimentally ``Known'' Topological Quantum Liquids
	Hydrodynamic picture: Abelian States
	Hydrodynamic picture: Non-Abelian States
	Time Reversal Invariant Systems: Quantum Dimer Models
	Effective field theory: the Quantum Lifshitz Model
	Mapping to a 2D Euclidean CFT
	Entanglement Entropy
	Scaling Behavior of Quantum Entanglement
	Entanglement Entropy of Conformal Wave Functions
	Entanglement Entropies and 2D Classical Free Energies
	Universal Contributions to the Entanglement Entropy
	Universal Contributions to the Entanglement Entropy
	Universal Contributions to the Entanglement Entropy
	Entanglement in FQH fluids: Chern-Simons theory and FQH systems
	Entanglement in FQH fluids: Chern-Simons theory 
	Properties of conformal blocks
	Chern-Simons Surgeries
	Entanglement and Chern Simons Theory: Results for the Sphere S2
	Entanglement and Chern Simons Theory: Results for the torus T2 with more than one A-B boundary
	Entanglement Entropy and Quasiparticles
	Entanglement Entropy and Quasiparticles: Case I
	Entanglement Entropy and Quasiparticles: Case I, Cont'd
	Entanglement Entropy and Quasiparticles: Case II
	Conclusions and Outlook

